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A t some universities, football classroom. Video analysis of sporting than the ball-carrier's speed, s. Draw examples are used to motivate events might motivate students to a line connecting the initial positions students in physics courses to learn to use these programs effective- of the two players, construct a per- 
study the laws of kinematics and col- ly in physics labs or for projects. pendicular bisector to that line, and 
lisions. (In fact, it has been rumored then use these two lines as new x'and 
that the number of such examples y' axes in which to describe the 
is inversely related to the national The fundamental equations of motion. In terms of these new coordi- 
ranking of the local football team.) kinematics form the basis for the nates, the tackler should choose his 
In addition, pursuit-and-evasion analysis of the motions of football velocity components to be 
strategies are often introduced in players. In the analysis of chase-and- 
beginning calculus courses as a tackle situations, the theoretical fxl= -(5) ('~'1 andf '  Y = Syf (I) 
device for teaching mathematical approaches usually start with two That is, he should try to maintain 
modeling and problem solving.' players, the ball carrier (C) and the the same ' coordinate as the canier 
Some recent papers describe theoret- would-be tackler (TI, on an empty so the carrier cannot cross the y~-axis 
ical strategies for pursuit-and-eva- football field, and ask whether there (see Fig. (These previous equa- 
sion that are appropriate for a one- are optimal strategies for each player. tions assume that the carrier is intelli- 
on-one situation in a football 0'connel12 describes a "mirroring" gent enough to always move toward 
game.24 But what do players actual- strategy for the tackler that is simple the yt-axis.~ ~ f ,  for example, the two 
ly do in a real football game? We to visualize when the players have players have the same speed, then 
decided to look into this issue equal speeds. Anderson4 describes this strategy would cause the tack- 
because an appropriate video clip optimal strategies in a form that is ler's trajectory to be a mirror image 
was available, and because it gave us more general. (about the y'-axis) of the ball-carri- 
the motivation to become familiar er's trajectory. When the tackler is 
with some video-analysis software The Mirroring significantly faster than the ball carri- (Videopoint TM , VideoGraph TM , etc.) Suppose the tackler is closer to the er, *is way of describing the optimal 
that has been designed for the physics goal and has a speed f that is greater strategy is not so easy to visualize 
Fig. 1. Geometry of "mirror"strategy. The new y'-axis is the perpendicular 
bisector of the line joining the initial positions of the ball carrier (C) and 
tackler (T). The tackler's strategy is to maintain the same y' coordinate as 
the carrier while using any excess speed to reduce his distance from the 
y'-axis. Measurements are given in yards. 
because the x '-y ' coordinate system 
is not fixed. 
The Interception Circle 
Anderson4 provides another way 
of looking at the same situation. He 
notes that, if both players run at con- 
stant speeds in straight lines from 
their initial positions and the tackler's 
speed is equal to or greater than the 
carrier's, then the locus of possible 
intersection points lies on the circum- 
ference of a circle as in Fig. 2. This 
means that the optimum strategy for 
the runner is to head for that point on 
the circle which is inbounds and as 
far downfield as possible. If the two 
players are initially separated by a 
distance d, then the center of the cir- 
cle lies along the line joining the two 
players but on the opposite side of the 
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c well tedious, and besides our main interest in this project was in explor- 
ing the capabilities of video-analysis 
software. So instead we looked for a 
way to determine field coordinates 
from screen pixel coordinates. 
Basically, we needed to take a 
point on the screen and project it back 
through the camera lens to find out 
where it intersected the plane of the 
field, as shown in Fig. 3. We had to 
use points on the field directly below 
each player as position markers since 
higher markers would project farther 
across the football field as illustrated. 
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Fig. 2. The interception circle. Ball carrier initially is located at C a dis- We derived from basic principles 
tance d from the tackler at T. Possible interception points depend upon the projection equations that give the 
the players' relative speeds and lie along a circle of radius R whose cen- field coordinates in terms of the 
ter lies a distance D from C. For maximum gain, the carrier should aim for screen coordinates. The equations 
point P, which is closest to the goal line. As s approaches f, the portion of involve eight variables: the location 
the circle between C and T becomes the perpendicular bisector of CT, of the camera (3), the direction the 
reproducing the mirroring situation of Fig. 1. camera is pointed (2), the coordinates 
of the center of the video screen (2), 
carrier from the tackler. The distance includes tools to help analyze 2-D 
,d a scale factor or focal length ( 1). 
from the carrier to the center of the motion viewed by a camera whose L ~ ~ ~ ~ ,  we realized that such projec- 
circle is D = (ds2)l(f2 - s2) and the film plane is parallel to the plane of the tion equations are well known t~ aer- 
circle radius is R = dfslv - s2) as moving objects. However, since we ial photographers5 and to program- 
shown in Appendix I. In the limit that did not have a Goodyear-blimp view mers of 3-D games for computers.6 
the players have the same speeds, the of the field, we could not make use of The projection equations for the 
portion of the circle passing between these built-in tools. Luckily, it is a sim- field coordinates (x,y) corresponding 
the players becomes the yr-axis ple matter to export the data tables to to scree, coordinates (x, Y) are sim- 
described above. other software. ple transformations involving eight 
coefficients (see Appendix 11): Observations Transformations 
Our film clip from a 1994 Army- In order to make comparisons with a3X + a4Y + a5 X = 
Air Force game seemed well suited theory, we needed to record the x-y alX + a2Y + 1 (2) 
for comparison with such theoretical coordinates of the two players on the 
calculationo. In it, the Army ball car- field. However, in the video clip we a6X + a7Y + ag 
rier starts at midfield and, after a few had, the camera was located up in the = a , ~  + a2y + 1 (3 1 
initial dodges, has a clear run for the grandstands near midfield, giving us 
end zone from the 35-yard line. The a slightly elevated side view of the In order to determine those eight 
Air Force tackler, who has been stalk- play; in addition, during the play the coefficients there must be some cali- 
ing him, also has an unobstructed run camera panned, bration points on the screen, that is, 
and makes the tackle just short of the tilted, and 
end zone. (Air Force went on to win zoomed in on the 
the game.) players. All these 
We used a Windows version of things made it 
VideoPoint software. To use challenging to 
VideoPoint, we displayed successive extract field coor- 
frames of our digitized movie and dinates. We could 
used the mouse to mark the positions have tried to esti- 
of the players and other objects of mate the x-y coor- 
interest. In this way, we compiled a dinates visually Coordinates 
table, each row of which contained the frame by frame, 
frame number and the screen pixel but this seemed to Fig- 3. Projection geometry showing how a player's 
coordinates of each object. KdeoPoint be inaccurate as Scree" coordinates are related to the corresponding 
field coordinates. 
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Fig. 4. Trajectories of the players sh 
fitted quadratic equations. 
points for which both field coordinates 
and screen coordinates are known. 
The white lines marking a football 
field provide such points wherever 
they cross. Equations (2) and (3) can 
also be written in the following form: 
which shows that, when both (x,y) 
and (X, Y )  are known, these equations 
provide two linear algebraic equa- 
tions for the eight unknown coeffi- 
cients, ai. Thus, if there are four cali- 
bration points on the screen, then we 
can solve for all the aj. Consequently, 
data collection consisted of locating 
the position of each player and four 
calibration points, e.g., the intersec- 
tion of the yard lines with the side 
lines, in each frame of the video. 
From Videopoint we exported the 
data tables to a spreadsheet, each row 
of which contained the frame num- 
bedtime, screen coordinates for six 
points, and field coordinates for the 
four calibration points-altogether 21 
columns of raw data. 
From the calibration data, the ai 
were computed by solving the eight 
equations obtained from Eqs. (4) and 
(5), and then the field coordinates of 
the players were computed using Eqs. 
(2) and (3). Finally graphs were pre- 
field distance to cover. During the 
last four seconds of play, both players 
accelerated somewhat, the ball carri- 
- 25 er reaching a speed of 9.65 yardsls 
(8.82 mls) and the tackler reaching 
- 20 E 9.8 1 yardsls (8.97 m/s)-excellent 
n speeds for players carrying so much 
- 15 equipment! 
Analysis 
- 1 0  n 
e Figure 5 shows the mirror coordi- 
three yards down- 
field but had nine Fig. 5. Mirror coordinate system st the beginning of 
yards of cross- the play and players subsequent trajectories. 
nate system (for the starting points 
- 5 shown) superimposed on the diagram. 
These players don't seem to have read 
0 The Physics Teacher. If both players 
20 10 0 had continued to run at their initial 
speeds, then the runner should have 
owing both the onsmoothed data and been able to score by aiming at any 
point along the goal line above its 
intersection with the y '-axis (i.e., any 
pared to show the trajectories of the point for which y > 18 yards). Why 
players on the field. did he veer away from the y '-axis? 
Was he reacting to a threat in the form 
Data of a tackler who is not visible to the 
Figure 4 shows a blimp's-eye view camera and who was subsequently 
of the field and the players' trajecto- taken out of the play? Or was it just an 
ries. The size of measurement errors error in judgment? What really pre- 
can be estimated from the jiggle in vented him from scoring? Was it his 
the resulting paths, typically less than choice of trajectory or was the tack- 
a yard. ler's greater acceleration and speed 
By the time the ball carrier the decisive factor? 
reached about the 35-yard line, both Since we have the speeds of each 
he and the tackler were in the clear player at each instant recorded in our 
with four seconds left in the play. spreadsheet, we could try to answer 
This was the situation we wanted to that question by changing only the 
investigate. Since, the motion of the paths taken by the players. In that case 
players was not complicated, we it is simple to show that the carrier 
chose to fit the 
x(t) and y(t) data 
to quadratic func- 
tions in t.  Figure x x 
4 shows the qual- 
. - .- 
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ity of the fit. 4 ~ " ~ ~  . 
Using the fitted c x + 
equations, we x + 
determined that at 
the start of the 
interval each 
, T player had a 
speed of 8.75 
20 k 
15 
z 
0 
10 N 
E 
yardsls mls). The (8.00 4 0  v -35 -30 -25 -20 -1 . I 5 -1 0 -5 had a lead of X 
could easily have found a winning tra- 
jectory. For example, suppose that 
each player had been able to run at 
constant speed equal to his final 
speed-in which case the tackler 
would have a significant speed advan- 
tage. Then we can construct the appro- 
priate circle as described in Fig. 2. 
This circle intersects the goal line at 
about y = 21 yards, which is not much 
of a change from the situation shown 
in Fig. 5. So it was the Army player's 
choice of trajectory that made all the 
difference here. Ah, the joys of the 
Monday-morning quarterback! 
Conclusions 
Software such as VideoPoint can 
be used for the analysis of fairly 
complicated two-dimensional 
motion, providing there are sufficient 
calibration points available in each 
frame. This may be worth keeping in 
mind if you are filming scenes for 
video analysis: if an appropriate grid 
is visible somewhere, it may be pos- 
sible to get more out of a scene than 
you might think at first. With such 
software, it is easy to export data to 
whatever analysis tools you like to 
use. (We used Excel, True BASIC, 
and Mathernatica for various por- 
tions of this analysis.) Although this 
video software was designed to 
streamline the analysis of 2-D 
motion in a special plane, its basic 
ease of use makes it quite versatile. 
Since most films of sporting events 
are shot from the side, the transfor- 
mation equations described here can 
be useful in analyzing sports other 
than football. 
Many students find the analysis of 
the kinematics of sporting events an 
interesting way to apply the concepts 
learned in physics courses. In fact, 
some physicists have taken forays 
into the physics of ~ ~ o r t s . ~ - ~  
Analyzing sporting events may help 
motivate students to learn kinematics 
and to use video-analysis software. 
Some students may even entertain 
the thought that scientific knowledge 
can improve sporting performance. 
The authors, from personal experi- 
ence, make no such claims. 
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Appendix I 
The Interception Circle (Adapted 
from ~ n d e r s o n ~ ) .  
Figure 6(a) shows the starting sit- 
uation in a coordinate system in 
Fig. 6. (a) A ball carrier with speed 
s starting at point C is pursued by 
the tackler with speed f starting at 
T. If the carrier runs directly at the 
tackler, interception occurs at 
point 1; if he runs directly away 
from the tackler, interception 
occurs at point 2. The center of 
the circle of interception points 
must lie halfway between points 1 
and 2. (b) Origin of coordinates 
has been translated to the center 
of the circle and c=s/f 1. 
which initially the carrier is at point 
C (the origin) and the tackler is on 
the x-axis a distance d away at point 
T. The carrier picks a direction and 
begins running with speed s and the 
tackler then chooses a direction in 
which to intercept at speed f > s. A 
graph showing some interception 
points resulting from different 
choices of direction by the carrier 
might lead to the hypothesis that all 
the interception points lie along a 
circle. To check this, we note that if 
the carrier ran directly at the tackler, 
then the interception would occur at 
time tl = d/(f + s) and would occur 
on the x-axis at x1 = sdl(f+s). On 
the other hand, if he ran directly 
away from the tackler, then the 
interception would occur at x2 = 
-sd/(f - s). These two points repre- 
sent the shortest and longest runs the 
carrier can make. If both points lie 
on the same circle, then they lie 
along a diameter, so the center of the 
circle must be midway between 
them at xg = (xl + x2)/2 = 
-sd/@ - s2) and the radius of the 
circle must be R = x1 - x3 = 
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Fig. 7. A point specified by dis- 
placement vector p lying in plane 
I; is projected through point P to 
corresponding point p' in plane I; '. 
-sd/(f2 - s2) and the radius of the 
circle must be R = x l  - x3 = 
sdf/(f2 - s2). In order to verify that 
other interception points lie on this 
same circle, we must show that for 
q j o i n t  P on the circle, the ratio 
PCIPT = s/f, the ratio of speeds. 
To simplify the algebra, let us 
define c = slf < 1 and move the ori- 
gin of coordinates to the center of 
the circle as in Fig. 6(b). In this 
coordinate system x = dc2/(1 - 5 c2) and xT = d/( 1 - c ). The radius 
of the circle is R = dc/(l - c2) and 
any point lying on the circle satis- 
fies the equation x2 + y2 = R ~ .  
Consequently, 
which verifies the hypothesis. 
Appendix II 
Projection Eqs. (2) and (3) 
The projection of points from one 
plane I: to another plane 2' through 
a point P can be efficiently 
described using the vector notation 
common in physics. Each plane has 
a set of Cartesian unit vectors (i, j, 
k) and ( i t ,  j', k'), where the unit vec- 
tors k and k' are normal to their 
respective planes. The displacement 
from origin 0 to P is given by the 
vector f = f k and the displacement 
from P to origin 0' is given by (m f). 
An arbitrary vector p = x i + y j 
lying in 2 is projected onto 2' by 
drawing a vector r from the tip of p  
to the tip of f, and then extending a 
vector (c r) from f until it intersects 
2'. Fig. 7 shows that 
p+ r = f and p r +  mf = cr 
The coefficient c is determined by the 
condition that p' k' = 0, so 
Thus, c has the form 
The x-component of p' in 2' is 
i' 
= - m f - i ' + c ( f . i l  - p . i ' )  
which now clearly has the form 
as in Eq. (2). Equation (3) follows 
from the y-component of p'. 
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